
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



ON THE SIMPLIFICATION OF THE STRUCTURE OF FINITE CONTINU- 
OUS GROUPS WITH MORE THAN ONE TWO-PARAMETER 
INVARIANT SUBGROUP. 

By S. D. Zeldin. 

1. It is the purpose of this paper to extend the results obtained for 
the structure of groups with one two-parameter invariant subgroup* to 
groups having any number of two-parameter invariant subgroups. 

Let Xi, • • •, Xr, Xr+i, • • •, Xr+2k be the operators of the group Gr+ik 
whose order is r + 2k. Let this group have k invariant two-parameter 
subgroups which for simplicity will be taken to be represented by the 
operators 

Xr+l, Xr+2 (1), 

Xr+3, Xr+i (2), 

Xr+i, Xr+i (3), 



Xr+2 k-1, Xr+2 k (k) . 

We then have 



r + 2k 



(Xi, Xj) = i: c.y,X. (i, j =1,2, ■■.,r), 

s=l 

(Xi, Xy) = pij J^ c.y,X, {i= 1,2, ••■,r; j = r + l,r + 2; p^ ^ 0), 

S=ri-1 

r+4 

(Xi, Xy) = pij X Cij^s (* = 1, 2, • • •, r; i = r -t- 3, r -t- 4; pa 9^ 0), 

s=r+3 



r + J* 



(Xi, Xy) = Pi,- 2Z Oij,X, {% = 1, 2, ■■■, r;j = r+2k-l, r+2k; pij^^O), 

s=r+2k—l 

and 

(Xi, Xj) = 

(i = r + 1, • • -, r + 2k; j = i + 1, when i = r + odd number, and 
j = t — 1, when i = r + even number). 

Denoting the operators of the adjoint of Gr+2k by the symbols 
El, • • •, Er, Er+i, • • •, Er+2k, we have for the alternant of any two of 
these operators the same structural constants as for the alternant of the 
corresponding operators of the group Gr+2k- 

We shall assume in what follows that the group Gr+2 k is meroedrically 
isomorphic with a simple group Gr of order r having one invariant spread 
(not flat). 

* See the preceding paper. 
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Denoting the operators of Gr by Fi, • • • , Yr and the operators of the 
adjoint oi Grhy Ai, ■ ■ -, Ar, we have 



and 



(Y„ r,) = Zcii.Y. 



{A.i) Aj) — / ,CiiB-As 



{i,j = 1,2, ••.,r) 



As I have already shown in my previous articles* the matrix Sa,.Ay, 
where, the a's being the parameters of the group Gr, 

'LajAj = (Sa,Cyii, • • • , 'ZajCjir) 



HajCjri, • • • , ^ajCjTT , 
is of nullity one. Let us now consider the equation 

(r+21e r+ik \ r+2h r+2k r+2k 

22 OiiXi, 23 ft-X"; ) = X 2 2 PiiOii&jCijsXs. 
1 1 / «=l >=1 s=r+l 

For the a's assigned, and p,y and c.ys (» = 1, ■■■,'>", s, j = r -\- \, • • •, 
r + 2A;) easily calculated, it is clear that equation (A) has the following 
2A; + 1 independent sets of (3's for solutions: 

(1) ^1 = ai, • • •, |8r = ar, i3r+l = • • • = /3r+2* = 

(2) ^1 = . . . = /3, = 0, ^,+1 = 1, ^,+2 = . . . = /3,+2, = 

(3) ;8i = • • • = ^, = ^,+ 1 = 0, /3r+2 = 1, /3r+3 = • • • = |8r+2fc = 



(2A; + 1) |8i 



^r+2J:-l = 0, 



/3: 



r+2A; 



= 1. 



The matrix of the coefl&cients of the /3's in the equations obtained from 
equation {A), namely. 



2q;,c,i2, SaiCi22, 



• , Sa.Cirl, 

• , Sa,c,>2, 



"ZaiCi 
SafCf 



r+2J:, 1 
r+2A:, 2 



) 



SofjCiir, 2Q;,Cf2r, •••, Sa»C,>r, •••, Sa.C,-, r+2fc, r 
Sa.Cf, 1, r+l(l — P.l), • • •, l^UiCi, r. r+l(l — Pir), 

• ■ ■ , SoifCi, r+2*. r+l(l — Pi, r+2*) 



2a,Ci, 1, r+2i(l — Ptl), • • •, SofiCi, r, r+2i(l — Ptr), 

• • •, 2atC,-, r+2)fc, r+2i(l ~ Pi, T+2k) 

will have for its nullity a number not less than 2A; + 1. It follows, there- 
fore, since every minor of the determinant 1 2ajA,| is also a minor of the 

* Loc. cit. 
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determinant of the matrix obtained from equation (A), that the nullity 
of the matrix 'ZuiEi is exactly equal to 2k + 1. The nullity of the 
matrix "EaiEi is equal to the number of independent invariants of the 
adjoint of G. The following theorem can therefore be stated: 

If the adjoint of Gr which is meroedrically isomorphic with Gr+2k has 
one invariant, then the adjoint of Gr+ik has 2k + 1 independent invariants, 
one of which is the invariant of the adjoint of Gr. 

2. We shall denote the 2k + 1 invariants by V{ai, • ■ -, ar), Wi(ai, 
■ ■ ■, ar, • • •, ar+2k), • • ■, Wikiai, ••-,«,, • • •, ar+2*); the equations 

V{a) = 
Wi{a) = 



Wikia) = 

will then represent 2k + 1 invariant spreads in the space of the adjoint 
of Gr+2k- Now, since the group Gr+2k has k invariant two-parameter 
subgroups, the adjoint of Gr+2k will leave invariant k straight lines, each 
one representing the corresponding invariant subgroup. We shall denote 
those lines, as in the previous paper, by the symbols X,- < — > Xj 
{i = r + 1, • • •, r + 2k; j = i + 1, when i = r + odd number, and 
j = i — 1, when i = r + even number). 

If the equations Wi{a) = 0, • • ■, W2k(oi) = represent 2k invariant 
flats in the space of the adjoint of Gr+2k, then their common intersection 
(if there is any) will be an (r — l)-flat also invariant to the adjoint of 
Gr+2 k- If that flat does not pass through any of_the^ines X, < — > Xj, 
then by Lie's theorem* we can take Xi, •••, Xr, Xr+i = Xr+i, ••.•, 
Xr+2k = Xr+2k, such Huear functions of Xi, •••, Xr+2k that the first 
r — 1 operators form an invariant subgroup of order r — 1, while the 
last 2k operators still generate the invariant two-parameter subgroups 
which we started with, i.e., 



(Xi, Xj) = X)c,7.^, (i = 1, ■• •,r - 1; j = 1, ■ ■-, r), 

»=i 

(X„ X,) = {i=\, ■■■,r - l;j = r+l, ■■■,r + 2k), 

(X„ Xy) = p.yi:ci,-X (i = r, r + 1, r- + 2; i = r + 1, r + 2), 

r-l 

{Xi, Xj) = -pij 2: lijj, (i = r, r + 3,r + 4; j = r + 3, r + 4), 



'•+3 



r-¥2k 

(X., Xy) = Pij £ CijsX, {i = r, r-\-2k-l, r+2k; j = r+2k-l, r+2k), 
(X.-, Xy) = {i = r + 1, ■ ■ ■, r + 2k; j = i ± 2; j 9^ r). 

* Lie-Scheffers, Continuierliche Gruppen, p. 479. 
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If however not all flats have a common intersection, then the flat 
representing the common intersection of a few will enable us to form an 
invariant subgroup of Gr+ih- 

Suppose now that Wi{a) =0, • • •, Wi,,{a) = are spreads of degrees 
TOi, TO2, ■ ■ ■, mik respectively. Consider then the polar flats, with respect 
to each of the spreads 

Wi(a)=0, •••, W,k(a)=0, 

of each of the lines Xr+i < — > Xr+2, • • •, Xr+2k-i < — > X+2*:. Taking, for 
instance, the polar flats of the line Xr+i < — > -X'r+2, with respect to 

Wi{a) =0, •••, W2k(cd =0, 

we obtain 2k invariant r-flats in the space of the adjoint of Gr+2k- The 

same holds for all the other lines. Thus, there will be 2k^ invariant flats 

in addition to the k invariant flats formed by taking the polar flats of 

those lines with respect to the spread V{a) = {V{a) is the common 

invariant of the adjoin ts of Gr and Gr+2k)- 

If the common intersection of those 2k^ + k invariant r-flats, if there 

is any, is an (r — l)-flat, we can choose the operators of (?r+2* in such a 

way that r — 1 of them form an invariant subgroup of order r — 1. Or, 

more generally, if the common intersection is an (r — i)-flat (1 ^ i 

^ r — 1), the group Gr+2k will have an invariant subgroup of order r — i 

by properly choosing the operators. 

Massachusetts Institute of Technology, 
December 7, 1920. 



